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Abstract 

For a compact manifold M of dimM = n > 4, we study two conformal invariants 
of a conformal class C on M. These are the Yamabe constant Yc{M) and the La- 
norm Wc{M) of the Weyl curvature. We prove that for any manifold M there exists 
a conformal class C such that the Yamabe constant Yc{M) is arbitrarily close to the 
Yamabe invariant Y{M), and, at the same time, the constant Wc{M) is arbitrarily 
large. We study the image of the map YW : C ^ {Yc{M), Wc{M)) £ near the hne 
{{Y{M),w) I w E R}. We also apply our results to certain classes of 4-manifolds, in 
particular, minimal compact Kahler surfaces of Kodaira dimension 0, 1 or 2. 

1 Introduction: results and examples 

T.l. The Yamabe constant /invariant. Let M be a smooth compact (without boundary) 
manifold of dimM = n > 3. We denote by TZiem(M) the space of the Riemannian metrics 
on M, and by C{M) the space of conformal classes of Riemannian metrics on M. The 
Einstein-Hilbert functional / : Tliem{M) ^ R is given as 

j^g^ _ Im RgdcTg 



where Rg is the scalar curvature and dag is the volume form of g. It is well-known that the 
functional I is not bounded from above and below for any manifold, and the set of critical 
points of I coincides with the Einstein metrics on M. Let C G C{M) be a conformal class. 
The restiction I\c is always bounded from below. The constant 

Yc{M) := ini Ug) 

gec 

is known as the Yamabe constant of the conformal class C. The Yamabe constant satisfies 
the inequality Yc{M) < Ycg{S^), where the equality holds if and only if the manifold (M, C) 
is conformally equivalent to the standard sphere S"' with the standard conformal class Cq. 
Then the supremum 

Y{M) := sup Yc{M) 

ceC(M) 

is the Yamabe invariant of M. The Yamabe constant Yc{M) is an important conformal 
invariant. In particular, for any conformal class C G C{M), there exists a metric (Yamabe 
metric) g & C such that I{g) = Yc{M). The Yamabe metric has constant scalar curvature 
Rg = Yc{M) under the normalization Volg(M) = 1. 



1 
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|I].2. The Weyl functional. Now let dimM > 4. We denote by Wg = (W'j^.^) the Weyl 
tensor of a metric g e 7^iem(M). The norm \Wg\g is defined as 

\Wg\g = [W),,W,^''Y\ 

Let C G C{M), and let g & C be any metric. Then the integral 



Wc{M) := / \Wg\ldag 

J M 



does not depend on the choice of the metric g & C. The map C{M) — R, C i— » Wc{M), is 
called the Weyl functional. We shall call Wc{M) the Weyl constant of the conformal class 
C and the infimum 

WiM) ■= inf WMM) 

ceC{M) 

the Weyl invariant of M. Clearly the invariant W{M) is a diffeomorphism invariant as well 
as Y{M). 

|l].3. General results. To state our main results, we define one more numerical invariant 
a;(M) as follows. Firstly, for a given manifold M, we say that a sequence {Cj}, Ci G C(M), 
of conformal classes is a Yamabe sequence if 

lim Yc^M) = Y{M). 

i— »oo 

In particular, if there exists a class C G C(M) satisfying y(M) = y(7(M), the sequence 
Ci = C for z > 1 is a Yamabe sequence. Secondly, we define the constant 

a;(M, {d}) ■=\immiWcXM) > 

for any Yamabe sequence {Ci}. Then the invariant uj{M) is defined as 

u{M) := inf {^^(M, {Ci}) \ {Ci} is a Yamabe sequence} . 

Notice that uj{M) > W{M) by definition. Also it easy to show that uj{M) = for M = 5"", 
X S^~^, T" and their connected sums. 

Theorem A. Let M be a compact manifold of dimM = n > 4. Then for any small e > 
and any constant k > uj{M) there exists a conformal class C G C{M) such that 

Yc{M)>Y{M)-e, 

K + e>Wc{M)>K. ^' 



Remark 1.1. If uj{M) = +oo, Theorem A delivers an empty statement. It is not clear that 
the invariant uj{M) is finite for every compact manifold M. However, without the finiteness 
of uj{M), the following statement still holds. 
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Theorem A'. Let M be a compact manifold of dimM = n > 4. Then for any small e > 
and any constant k > there exists a conformal class C G C{M) such that 

YciM) > Y{M) - e, 
WciM) > K. 

We prove Theorem A in two steps. Firstly, we prove Theorem A for M = S*" by constructing 
a conformal class C G C(5'") satisfying (|l|) with the understanding that uj{S^) = 0. Secondly, 
we prove the general case by constructing an appropriate conformal class on the connected 
sum M^S"'. Theorem A' follows immediately from our argument as well. 

To proceed further, we would like to introduce some terminology. 

|l].4. The YW-quadrant, Yamabe corner, Sobolev and Kuiper lines. For a compact 
manifold M we consider the map 



YW : C{M) — . C ^ {Yc{M), Wc{M)). 

We denote by K^(Af) C the image of the map YW. By definition, the set K^{M) is 
a diffeomorphism invariant of M. 

The third author observed that the set K.^{M) contains certain interesting aspects of 



conformal geometry, and he studied some of its properties (cf. ||TT|, [T! 
Let {y, w) be the Euclidian coordinates in R^. Consider the YAl-quadrant of a manifold M: 

Cr'{M):={{y,w)\y<Y{M), w>W{M)}, 

see Fig. |I].l. Clearly K'^(M) C Q^{M). We emphasize that there is not much known 
about the shape of the set K^(M) C Q^(Af ) . In this paper we study the set K^(M) 
near the Sobolev line defined below. 



(the Kuip 




y = Y{M) (the Sobolev hne) 
y = Y{S^) 
uj{M) > W{M) 

(the Yamabe corner) 



y(M) 



Fig. The YW-quadrant of M. Here Y{M) > 0, W{M) > 0. 

We explain the notations and terminology given in Fig. [^.1. We call the point {Y{M), W{M)) 
the Yamabe corner of M. Then we call the line {y = Y{M)} the Sobolev line. This name is 
motivated by the following observation. Let Y{M) > 0, and let C be a positive conformal 
class (i.e. Yc{M) > 0). We denote by ^ G C a Yamabe metric. Then the following inequality 
holds (cf. i) 



\f\--'dag 



M 



4(n-l) ■ 



Volg(M)- Jm 
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for / G L^' (M), where L^' (M) denotes the Sobolev space of L -functions with L first 
derivatives relative to g. In particular, the constant -^^I^Yc{M) is the best Sobolev constant 

2n 

for the Sobolev embedding Lg' (M) C L^-^M). Furthermore, j^^Y{M) is the supremum 
of those Sobolev constants. We notice that 

K^(5") n {the Sobolev line of = 0)} = {the Yamabe corner of 



for all n > 4 due to the final resolution of the Yamabe problem by Schoen |2^. The case 
Y{M) < does not have such interpretation, however, it is convenient to use this term in 
general case. 

We call the line {w = W(M)} the Kuiper line of M (see Gursky's paper for some re- 
markable results on the Kuiper lines of 4- manifolds). Our motivation for this name comes 
from the Kuiper Theorem [0: if Wc{S^) = for a conformal class C G C{S^), then C is 
equivalent (up to a diffeomorphism) to the standard conformal class Cq. In our terms, 

K^(5") n {the Kuiper line of = {(F(^"), 0)} = {the Yamabe corner of S""} . 

In terms of the set K^(M), Theorem A implies the following. 
Corollary B. Let M be a compact manifold of dim M = n > 4. Then 



K^(M) n {the Sobolev line of M} = {y = Y{M), w > uj{M)} 



Here K^(M) is the closure of K^(M) C R^. 

|l].5. The Einstein and the gap curves. Here we consider only 4-dimensional manifolds. 
For a manifold M we denote by x(^) ^^id r(M) the Euler characteristic and the signature 
of M respectively. The Hirzebruch signature formula gives the following result. 

Proposition 1.1. Let M be an oriented, compact A-manifold. Then for any C G C{M), 

Wc{M) > 487rV(M)| 

with the equality if and only if (M, C) is half conformally fiat (i.e. self-dual or anti self-dual). 
In particular, W{M) > 487rV(^)l- 

The Chern- Gauss-Bonnet formula leads to the following interesting result. 

Theorem 1.2. ([|1^, Section l-(i)]) Let M be a compact 4-manifold. Then for any conformal 
class C G C{M) the following inequality holds: 

Wc{M) > 327r\(M) - Iyc{M)^ 



with the equality if and only if the conformal class C contains an Einstein metric. 

We call the curve w = 327r^x(^) — ^ > W{M), y < Y{M), the Einstein curve of M. 

On the other hand, the Gap Theorems due to Gursky ^ Theorem 3.3, Proposition 3.5] and 
Gursky-LeBrun [§, Theorem 1] can be reformulated as follows. 
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Theorem 1.3. (Gap Theorem) Let M be an oriented, compact A-manifold and C G C(M) 
a conformal class satisfying Yc{M) > 0. Assume that either 

(i) b+{M) = dimHl{M;R) > 0, or 

(ii) C contains an Einstein metric and ^ for g E C . 
Then the following inequality holds: 

Wc{M) > -YciMf - 487rV(M). 
3 

Here Wg is the self-dual Weyl curvature of g. 

We call the curve w = — 487r^r(M), w > 0, y > 0, the gap curve of M. 

|1].6. Examples. 1. Let M = S*. Then we have W{S^) = 0, Y{S^) = 8nV6. The Einstein 
and the gap curves are w = 647r^ — |?/^, w = |?/^ respectively. We notice that Y{S^) = 8tt\^ 
coincides with the value of y given by the intersection of the Einstein curve with w = 0. We 
have 

K^(^^)n{theSobolevlineof = {the Yamabe corner of , 

j^YW^^4-j Pi Kuiper line of 5*^} = {the Yamabe corner of 5*^} . 
On the other hand, Corollary B implies that 

K^(54) n {the Sobolev line of S^} = = SttVQ, > o} . 



We have the following picture for S' 



4. 




(the gap curve) 

y 

Fig. |.2. The \W-picture of S'^. 

Here and below we shade a subset of Q'^(M) which still contains K'^(M). We call it the 
"YW-picture of M". 

Then Theorem |1.3| implies that the intersection K^(S'^) fl {the Einstein curve of S*^} does 
not contain the points with Stt-v^ < y < 8tt\/6. It is not known whether this intersection 
contains any points except the Yamabe corner. 

Example 2. Let M = CP^. The Einstein curve and the gap curves are given as w = 



9871^ 



1„,2 



y and w 



487r respectively. 
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It is known that W{CP^) = ASir^ (it follows from Proposition [Ll]) and y(CP^) = 12nV2 
(LeBrun [l^, Gursky-LeBrun P]), where F(CP^) is attained by the conformal class [gps] oi 
the Fubini-Study metric gps on CPl In particular, cj(CP^) = Wig^^]{CP^) = W{CP^) = 
487r^. The YW-picture of CP^ is shown at Fig. |l|.3 below. Here the Yamabe corner coincides 
with the intersection of the Sobolev line, Kuiper line and the Einstein curve (and the gap 
curve). Moreover, it follows from Gursky-LeBrun's result P, Theorem 7] that 

K^(Cp2)n{the Sobolev line of Cp2} = {the Yamabe corner of CP^} = {(127ry2,487r2)} . 

Corollary B gives here that 



K^(CP^)n{the Sobolev line of CP^} = {y = 127ry2, w > ASn^} . 

In this case the gap curve does not give useful restrictions. However, it follows from 
Theorem 2] that if a conformal class C contains an Einstein metric different from gps, then 



Fc(CP^) < 471^6, see Fig §3. 




(the gap curve) 



y(Cp2) = 127r^/2 
Fig. 0.3. The YW-picture of CP^. 

|1].7. Results on 4-manifolds. Let x(^) ^^(^ t(M) be as above. 

Theorem C . Let M be a minimal compact complex surface of general type, that is, its 
Kodaira dimension Kod(M) = 2. Let M' = MifkCP^ifi{S'^ x 5^) (k,i > 0) be the 
connected sum of the blow-up of M at k points with i copies of x S^. Then 

cu(M') = f 7r2(4x(M') - 3r(M') + 2k + 8i), in particular. 



K^{M')n{the Sobolev line of M'} = {y = Y{M'), w > f 7r2(4x(M')-3r(M') + 2A; + 8£)} 
In this case the Yamabe invariant Y{M') is known (see LeBrun and Petean 12^ 



y(M') = -4^277 v/2x(M) + 3r(M) < 0. 



We have the following YW-picture for such M: 
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the Einstein curve 



UJ{M) - 3 
487r2|r(M)| 



^TT^{Ax{M) - 3r(M)) 



Y{M) = -4^/27rv^2x(M) + 3t(M) 
Fig. |l].4. The YW-picture of a minimal compact complex surface M of general type. 

In Fig. [^.4, we assume that M has a negative first Chern class. We emphasize that in general, 
it is not clear whether uj{M) = W{M) or uj{M) > W{M) for every minimal compact complex 
surface of general type. 

Theorem D. Let M he a minimal compact Kahler-type complex surface of Kod(M) = or 
Kod(M) = 1. Let M' = M#A;CP^#£(5i x S^) (k,i> 0). Then 

uj{M') = W{M') = -A8tt^t{M') = A8n^{k - r(M)), in particular. 



K^(M') n {the Sobolev line of M'} = {y = F(M'), w > -487rV(M')} . 



In this case it is also known that Y(M') = (see LeBrun pO| and Petean [^). 
Remark 1.2. (1) Under the assumptions of Theorem C or D, the intersection 
K^(M) n {the Sobolev line of M} = {one point} or 0, 



see 1^, Proposition 5.89] or [13, Theorem 1]. 

(2) Theorems C and D still hold for more general 4-manifolds M', see ITD, Theorems A, B 
and C]. 

T.8. More examples. Here we give examples illustrating Theorems C and D. 

Example 3. Let M be a K3-surface. Then M is a minimal Kahler surface of Kod(M) = 0. 
Here r(M) = -16, and Theorem D gives that W{M) = u{M) = 7Q8tt^, Y{M) = 0. 
Here we know also that there is no conformal class C G C{M) with Yc{M) = and with 
Wc{M) >uj{M) = W{M) = 7687r2. Thus we have: 

K^(M) n {the Sobolev line} = {(F(M) = 0, W{M) = 7Q8tt^)} = {the Yamabe corner} , 



K^(M) n {the Sobolev line} = {y = 0, w> 7687r2} by Corollary B. 

In particular, we see that a conformal class C G C{M) contains an Einstein metric if and 
only if Yc{M) = and Wc{M) = 7687?^. We have the following YW-picture: 
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Y{M) = 

Fig. [l].5. The YW-picture of the K3 surface. 
Example 4. Let M = T"^ x S^, where Eg is a surface with genus g > 2. Then M is a 
minimal Kahler surface of Kod(M) = 1. Here r(M) = and x{M) = 0- 

Theorem D gives that uj{M) = W{M) = 0. We notice that Y{M) = 0, however, there is no 
conformal class C E C{M) such that Y{M) = Yc{M) = (see Proposition 6]). Hence 
we have 

K^(M) n {the Sobolev line of M} = 0, 



K^(M) n {the Sobolev line of M} = {y = 0, w > 0} by Corollary B. 




Fig. |T].6. The YW-picture of M = T'^ xT^g, g> 2. 

Example 5. Let M = S^^ x Hg,^ where gi, (72 > 2. Then M is a minimal Kahler surface of 
Kod(M) = 2. We have x(^) = 4(fi'i - l)(fi'2 - 1), r{M) = 0. Here the Yamabe invariant is 
attained by the canonical product Kahler-Einstein metrics. Theorem C gives that uj{M) = 
^TT^gi - l){g2 - 1). Also Y{M) = -IQir^ig, - l){g2 - 1). We have 

K^(M) n {the Sobolev line of M} = {{Y{M),uj{M))} = {the Yamabe corner of M} , 

K^(M) n {the Sobolev hue of M} = {y > Y{M), w > uj{M)} by Corollary B. 
Here it is not clear whether ujij^g-^ x I]g^) > W{I]g-^ x I]g^) or they are equal. 
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the Einstein curve 
USir^gi - 1)(52 - 1) 



1) 



-91 X ^92 with gi, 52 > 2. 



Y{M) = -167r^- 1)(52 
Fig. |.7. The YW-picture of M = Eg 

Example 6. Let M = CH^/T be a smooth compact quotient of the complex hyperbolic 
space. Then M is a minimal compact Kahler surface of general type. Then xi^) = 3r(M) > 
by |T6|, Theorem 5]. 



Theorem D now gives: u{M) = ^vr^ ■ 9r(M) = 487i^t{M) = IGn'^xiM). Let gs be the 
canonical Kahler-Einstein metric on M (i.e. the Bergmann metric). The Yamabe invariant 
Y{M) = —\2\I2t{^t{M) is attained by the metric gs- Since gs is a self-dual metric, we have 
W{M) = 487r2r(M) by Proposition |LT|. Hence u{M) = W{M) = 487r2r(M) = Wn^xiM). 
Here we have 



K^(M) n {the Sobolev line of M} = {{Y{M),uj{M))} = {the Yamabe corner of M} 



K^(M) n {the Sobolev line of M} = {y > Y{M), w > uj{M)} by Corollary B. 




Y{M) = -12V2tt^/t{M) 
Fig. |.8. The WV-picture of M = CH^/T. 

|I].9. The plan of the paper. Firstly we prove Theorems C, D assuming Theorem A in 
Section Secondly we prove Theorem A for the particular manifold M = S*" in Section ^. 
Thirdly we prove the general case of Theorem A in Section ^ 

|l].10. Acknowledgments. The first and the third authors are very grateful to the Depart- 
ment of Mathematics of the University of Oregon for hospitality. The authors are grateful 
to Claude LeBrun for his valuable comments concerning Theorem and Theorems C, D. 
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2 Proofs of Theorems C and D 

2.1. Proof of Theorem C. Let M be a minimal compact complex surface of general type, 
and M' = M#A:CP^#£(5^ x S^). Here we use the results by LeBrun ^ Theorem 7], 
Theorem 2], Proposition 3.2, Proof of Theorem 4.3] and Petean |22|, Proposition 4] to 
conclude that there exists a sequence of metrics {gj}, gj G 7^iem(M') such that 

lim / \W;jlda,^ = ^n'i2xiM) + 3r(M)) > 0, 
lim Y[g^}{M') = Y{M') = -4V2'k^/2x{M) + 3r(M) < 0, 



lim / Rldag^ = Y{M'f = 32n\2x{M) + 3t(M)) > 0. 



Here we use the following convention: \Wg\'^g = 4(11^+1^ + In particular, the se- 

quence of conformal classes {[(^j]} is a Yamabe sequence. Then the Hirzebruch signature 
formula gives: 

limiy[,^](M') = S lim / \W;fg^dag^ - 48nMM') 
= f7r\Ax{M')-3T{M') + 2k + 8i). 

Then, by definition, we have: 

16 

uj{M\ {[g^]}) = lim TVfe](M') = -it'{Ax{M') - 3r(M') +2k + 8i). 

From the formula (|^) below, we also notice that 

1 fi 

UJ{M') > —n\Ax{M') - 3r(M') +2k + 8i). 
o 

These imply Theorem C. □ 

Remark 2.1. Under the same assumptions on M and M' as in Theorem C, we notice the 
following. 

(1) There is a sharp inequality 

\Yc{M')\ + Vq (^j^^ \W^\lda)j ' > qV2'k^2x{M) + 2>xt{M) > (2) 
for any C E C{M') and g E C (see ETI, Formula (13)]). When either > 1 or £ > 1, 



the inequality (0) provides a further restriction on the YW-picture of M'. 
(2) Furthemore, 

{the Sobolev line of M'} fl {the Einstein curve of M'} 

= {{Y{M'), f 7r2(4x(M') - 3r(M') - A; - 4£))} . 
Then if either A; > 1 or £ > 1, the above w-coordinate is strictly less than uj{M') 
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|2|.2. Proof of Theorem D. Let M be a minimal compact Kahler-type complex surface 
of Kodaira dimension Kod(M) = or 1. Let M' = M#fcCP^#£(S'^ x S^). Again we use 
the results due to LeBrun |l^, Theorem 7], p^, Theorems 4 and 6], |^ Proposition 3.2 
and Proof of Theorem 4.3] and Petean |2^, Proposition 3] to conclude that there exists a 
sequence of metrics {gj}, gj G 7^iem(M') such that 

' hm / \W;f^4a,^=^^i2xiM)+3riM)), 
, limF[,^,](M')=r(M') = 0, 



lim [ Rl da„. = Y{M'Y = 0. 

Thus the sequence of conformal classes {[s'j]} is a Yamabe sequence. Then the Hirzebruch 
signature formula gives: 

limW^[,^.](M') = Slim / rfa,^. - 487rMM') 



16 



7r2(4x(M) - 3r(M) + 9fc) 



We obtain: 



^(M',{y})= limiy[,^,](M') 



16 



-TT' 



j-»oo 



'(4x(M) -3r(M) + 9A;). 



It also follows from ||20|, Theorem 4 and Proposition 7] that 2x(M) = — 3r(M) > and 
w(M') = W{M') = ASiT^ik - t{M)) = -487rV(M'). These imply Theorem D. □ 



3 The sphere 

^.1. The result. Our goal here is to prove Theorem A for M = S*", that is, the following 
result. 

Theorem 3.1. For any small e > and arbitrary k, > there exists a conformal class 
C e C(S") such that 

To give a proof of Theorem |3.1| we will construct a required conformal class C G C(5'") using 
the manifold S"""^ x R. The following definition is due to Schoen and Yau [ p5|| . 

Definition 3.1. Let {N,C) be a conformal manifold of dimA^ = n > 3 (possibly noncom- 
pact) and g E C any metric. We denote 



E,if) = l^{an\df\l + Rj')da,, 



-2 ' 
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where a„ = ^^^-2^ • Then the Yamabe constant Yc{N) is defined as 

YciN) = inf Q,{f). 

m 

The Yamabe constant Yc{N) does not depend on the choice of the metric g & C (see [^ ). 

3.2. Continuity of the Yamabe constant. First we recall the following result on the 
continuity of the Yamabe constant, see 0, |1T3| , Fact 1.4] (cf. p|, Lemma 4.1]). 



Fact 3.1. Let M he a compact manifold of dimM = n > 3 and g G 7^iem(M). Let {gi} be 
a sequence of Riemannian metrics such that 

j-^ as 1 ^ oc 

in the uniform C^-norm on M with respect to g. Then Y[g-](M) Y[g]{M) as i 00. 

In the course of proving Proposition |3.1| one has to show that liminf Yrg-i(M) > Y!gi{M). 

i — >oo 

Here it is essential that the volume Volg(M) is finite. However, a similar continuity result 
still holds for noncompact manifolds under the positivity of scalar curvature. 

Proposition 3.2. Let N be a manifold without boundary (possibly noncompact) . Assume 
that a metric g e 7?.iem(A^) satisfies the following condition 

0< L^^ <Rg< Lo on N (3) 

for some constant Lq > 0. Let {g^} be a sequence of Riemannian metrics, such that 

j-^ as % ^ oo 

Rg, Rg 

in the uniform C^-norm on N with respect to g. Then Y[g.]{N) Y[g]{N) as i 00. 
Proof. Given e > 0, there exists an integer i{6) > such that 

\gi - g\g<e, Ifi-r^ - 9'^\g < ^ (with respect to ^f). 



(1 — e)dag < dag^ < (1 + e)da 



91 



0<(l-e)i?, < Rg^ < {l + e)Rg 

for any i > i{e). Note that the last inequality follows from the condition (|^). For any 
compactly supported smooth function / G C^^{N), we have 

Eg^f) = [ {an\df\l + RgJ^)dag^ 

J N 

> [ {anil-e)\df\l + {l-e)Rgf){l-e)dag 

J N 

> {l-2Ke) [ {an\dff + Rgf)dag 

Jn 

> {l-2Ke)Eg{f) 
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for any i>i{e). Similarly we have 

EgXf)<{l + '^Ke)Eg{f) and 

n— 2 n-2 n— 2 

{l-K'e)(^j^\f\^-da^ " < (^ljf\^^dag}j " < {1 + K'e) ^Jfl^^da^^ " . 
Here K, K' are positive constants independent of / and e. Hence we have 

{l-K"e)Qg{f) < QgXf) < {l + K"e)Qg{f), or 

(l-K"e)F[,](iV) < F[,,,](iV) < (l + ir"e)F[,](iV) 
for some positive constant K". This implies that y[g.](A^) — > Yi^g-]{N). □ 
We recall the following well-known facts (cf. |T^, p4|). 

Fact 3.2. Let Qq and Hq denote the standard metrics on the spheres 5" and S*""^ respectively. 
Let Co = [go]. Then 

YiS-) = rc;o(^") = ^Co(^" \ {2 points}) = F[,„+,,2](5"-i x R). 

Fact 3.3. Let M be a compact manifold, pi, . . . ,pk € M, and C G C{M) a conformal class 
which is conformaly flat near the points pi, . . . ,pk. Then 

Yc{M) = Yc{M\{p^,...,pj,}). 

Let go and /iq, as above, denote the standard metrics on the spheres S*" and S"^"^ respectively. 
As a corollary of Proposition ^.21 we have the following result. 



Corollary 3.3. Let h{-,t) be a smooth (with respect to t) family of Riemannian metrics 
on S"'~^, and let g{z,t) = h{z,t) + dt^ , {z,t) G S*""^ x R, be the corresponding metric on 
the cylinder S*""^ x R. Then for any e > there exists 6 > such that if the family h{-, t) 
satisfies the condition 

\h{-, t) — ho\ho < S on S"-^^ for any t G R, and 
\Rg{.,t) - Rgo\ < 5 on S"-~^ X R, 

then X R) > x R) - e = - e. Here go := ho + dt^ on ^"-^ x R. 

5.3. Metrics on the cylinder = M x R. We consider the following general situation. 
Let M be a compact manifold, and = M x R. 

First, let g{-,t) G 7^iem(M) be a smooth family of metrics and g{z,t) = g{z,t) + dt'^ the 
corresponding metric on A^ = M x R. First, we compare the scalar curvature functions Rg 
and Rg, where g := g{-,t). We have: 

Rg = Rg + \ {g'^g'^' ■ dtg,, ■ dtgu - {g'' ■ dtg^.f) - | {g^^ ■ d^g,, + dt{g'^ ■ ^tg^,)) 

(4) 

= Rg- g'^ ■ d^gi, - \{g'^ ■ dtg,,f + \g'^g^' ■ d^g,, ■ d^gu- 
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Here the indices i, j, k, i vary within the corresponding indices 1, . . . , n — 1 of local coordinates 
z = {z^, . . . , z^~^} on M. Now we consider a particular family of metrics. Let L > be a 
sufficiently large constant. We choose a nonnegative function (p = ipi E C°°(R) satisfying 



1^1 < 




Fig. ^.1. The function ip = ip^. 

Let h,h & TZiem{M) be two metrics on the "slice" M. We define the family of metrics on 
M x {t} = M: 

g{z,t) := ipit)-h{z) + {l-ipit))-h{z) 
= h{z)-il-v{t))-T{z), 

where T{z) := h{z) — h{z). Let g{z, t) := g{z, t) + dt'^ be the metric on the cylinder M x R. 
We notice that 



9' 



and g 



h + dt^ li t< 0, 
h + dt^ if t > L. 



g" = v"-T 

Assume that \T\h « 1, so that \{hij) < (gij) < 2{hij). Then we use to give the estimate 



8 4 2 12 2 Kq 

\R-g - Rg\ < j^lTlh + + j2\-'^\h ^ 



(5) 



since \T\h « 1. We denote 9{z,t) := -(1 - (p>{t))T{z), so that g{z,t) = h{z) + 9{z,t) on 
M X {t} = M. We also denote 



Ph{e) 



where {Rij) is the Ricci curvature of h. A straightforward calculation gives the following 
formula for the scalar curvature (cf. [0, p4|): 



Rg = RH + Ph{0)+Qh{0). 

where the function Qh{d) is estimated by 

\Qhmh < Kn{\ve\l ■ + \e\H ■ \v^e\h ■ + {\e\h ■ iv'^u, + |Ric(/i)U ■ \e\l) q} with 

(6) 



, , r h(x,x) 

q{z,t) := maxi 



X e T(^,,t)M, X ^ 



Here V, Ric = (Rij) and all norms are with respect to the metric h. Now we also assume 
that |VT|/i and |V^T|/i are sufficiently small. Then the estimates and @ imply that 



\Rg-Rh\<Hh,T), 
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where the constant $(/i,T) > (depending on h and T) is small as well. We obtain 

\Rs-Rh\ < ^\T\h + Hh,T). 

In particular, the above argument implies the following technical result. 

Lemma 3.4. Let Hq G 7?.iem(S'"'~^) be the standard metric of constant curvature 1. Then 
for any integer j > there exist a constant L{j) » 1 and a metric hj G 7^iem(S'"~^) such 
that ^ 

IP R I <- 1 on b X K. 
Here the metrics go SLnd gj on S"'^^ x R are defined as 
go{z,t) := ho{z) + dt'^, 

g,{z,t) := {ho{z)-il~ip{t))-{ho{z)~hj{z))) + dt^, 
where ip{t) := (pLit) for any L > L{j). 



Proof of Theorem |3.1| . Let Hq be the standard metric on 5" ^. We use Lemma O to 
conclude the following. 

For any e > there exist a constant L >> 1 and a metric h G 7^iem(5'"~^) (where h is not 
homothetic but C^-close to ho) such that the metric 



g{z, t) + dt^ on 5""^ x R with 



g{z,t) := 
satisfies the inequalities 



h{z) _ on ^"-1 X [-1,1], 

ho{z) - (1 - (/.^(t - I)) ■ {ho{z) - h{z)) on X [I, I + L], 

/lo(^) - (1 - ¥^L(-t - L)) ■ (hoiz) - h{z)) on x [-(I + L), -I], 

/lo(^) on X (R\ [-(L + L),L + L]) 



r[g](5"-ixR) > r(^")-£. 



(7) 



'5"-ix([-(L+L) -L]U[L,L+L]j 

for any Z > (see Fig. ||.2). 

L 



A 



h + dt^ 



-9 < ^ 




L 














ho + dt^\ 







-L L 
Fig. |.2. The metric 5 on 5""^ x R. 
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Notice that the restriction of the metric g{z,t) on 5" ^ x [—L,L] is given as g{z,t) 
h{z) + dt^. Consider the function 



/(L):= / |W^g||ciagG(0,cx)). 

JS"-ix[-L,L] 



Then / is continuous on (0, oo), and 



hm f{L) = 0, hm f{L) = oo. 



By definition of /, we have: 

\W,\lda, = f{L) + 



5"-i x[[-(L+L),-L]U[L,L+L]) 



\Wg\-^da-g. 



(9) 



It follows from (0), (|]) and (|^) that for any < e << 1 and any constant k > there exist 
constants L > and L > such that 



g{z,t) = g{z,t) + dt^ on 5*" ^ x R (as above), 

F[g](^"-ixR)>r(S")-£, 

t^ + e> X R) > 



(10) 



where g{z, t) = h^i^z) + dt^ on 5" ""^ x (R \ [—{L + L), L + L]) . Thus the conformal class [g] 
can be extended smoothly to a conformal class C G C(S'") such that 



r[g](5"-ixR) 
l^[g](5"-ixR) 



>^c(5"), 
W^c(5"). 



fill 



Combining (|ToD with ([Tl| ) , we complete the proof of Theorem 3T 



□ 




Fig. |.3. The sphere (S'",^). 



Remark 3.1. In the proof of Theorem |3.1| , we let L go to the infinity. Then (in the termi- 
nology of 0) we obtain the canonical cylindrical manifold 

[S'"^ X R,^ ■.= h + dt^) , 

where h is not homothetic but C^-close to Hq. Proposition ^]2| implies that the inequality 
y[g](^"-i X R) > y(S") - e still holds for a small e > 0. However, Wig^iS""-^ x R) = +oo. 
From |, Theorems 6.1, 6.2] there exists a function u e C^{S"-^ x R) n Lg'^(5"-i x R) such 
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that the metric g = U"-^ g is a. Yamabe metric (i.e. a minimizer of the functional Qg, see |^ 
for details). Furthermore, the metric g is almost conical metric near the two ends. 

Then, by adding two points p_, p+ to the ends, we obtain the sphere 

5"=(5"-ixR)U{p_,M 
with the metric g (see Fig. ^3). 

Thus {S^,g) is a compact Riemannian manifold with two almost conical singularities. These 
singularities provide the source of the phenomenon that 



4 Proof of Theorem A 



We start with the following approximation result in [|T3[ and [|T4| (see also p[). 

Proposition 4.1. Let M be a compact manifold of dimM = n > 3 and o G M a point. 
Given any conformal class C G C{M) and small e > there exists a conformal class C G C{M) 
such that 

\Yc{M)-Yc{M)\<e, 
\Wc{M) - Wc{M)\ < e, 

and C is conformally flat near the point a G M. 

Proof. Let g & C he any metric. Then following the construction in |l^. Section 3], we 
define a smooth family of approximation metrics. For a given o G M, there exists a metric 
g G 7^iem(M), which is conformally flat near the point o, such that 

Jo(^) =jI{9), 

R-g{0)=Rg{0). 

For a small 5 > 0, there exist a positive constant Q < e{5) (0 < e{5) < 5) and a smooth 
cut-off function ws = ws{r) (r > 0) satisfying 

n / /I / if r > 5, ( \r ■ ws\ < 5, 

- ' |^lifO<r< e{S), \ |H ■ u'^l < 6. 

Then let gg := g + Ws{g — g)- Then we have that 

gs ^ g in the C^-norm on M with respect to g, 
Rgg Rg in the C°-norm on M 

as 5 ^ 0. This implies that l^g,](M) Y[g]{M) as 5 0. 

To analyze the behaviour of the Weyl constant, we denote by Bs the disk (with respect to 
g) centered at o G M of radius 6. Also we denote h = g — g and T = wg ■ h = O(r^). Then 

{Wg.rjke - = O {\V'T\g) + O ((1 + \T\l)\VT\l) . (12) 
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Here 



VT 



ws ■ h + ws ■ Vh, 

ws-h + 2ws-Vh + ws- V^h. 



Notice that Vh = 0(r), V^/i = 0(1), and then 



|T|2 

|VT|2 < K2-S^ 



^2 



(13) 



for some positive constants Ki, K2, K^,, K4. From ([T^) and (|T3D, we obtain 

\W,,\,<\W,\, + K, 

for some Kr, > on the disk B^, and hence there exists a constant Kq > such that 



This imphes that 













\Wg\idag 




JBs J J 


Bs 



< 2K^- (\Wg\l + 1 j dag 
since dcg^ < 2dag. We obtain that W[gg]{M) W[g]{M) as 5 ^ 0. 



□ 



Proof of Theorem A. First we choose small e > 0. Then by definition there exists a 
conformal class C G C{M) such that 



YciM) > Y{M) - 
oj{M) + I > Wc{M) > uj{M). 



2' 



(14) 



From Proposition O! we may assume that C is conformally flat near some point o G M. 
Now consider the sphere S*". By an argument similar to the one in the proof of Theorem 



(15) 



3^11 , for any constant k > there exists a conformal class C G C(S'"), which is conformally 
fiat near 6 G S"", such that 

YciS^) > F(5") - I, 
+ I > W^c(5") > k. 

We decompose the manifolds M \ {0} and 5*" \ {6} as follows (see Fig. ^.1): 

M\{o} = XU (5"-i X [0,00)), 
5"\{6} = XU (5"-i X [0,00)). 

Let ho be the standard metric on 5""^. We choose metrics g E C and g E C satisfying 

g eC with 5'(z,t) = /lo(^) + (it^ on 5*""^ x [0, 00), 
geC with g{z,t) = hoiz) + dt^ on 5""^ x [0, 00). 
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For each £ > let gi be the natural gluing metric on the manifold 



M = Mj^S"" = (X U X [0,£])) Ugn-ixw ((^""^ X [0,£]) U X 

which satisfies 



fi'^Uu{5'"-ix[o/]) — 9^ and fi'£|xu(5"-ix[o/]) ~ 9- 




{S^\{d},C) 



{M\{o},C) 




Fig. The manifolds M \ {o} and \ {o}. 



From the argument in the proof of |jTB| , Theorem 2] (cf. [Q), there exists a large constant 
a = i{e) > such that 

Yi,,]iM) > F^,^((M\{o})U(S"\{o}))-| 

= F^,^(M U 5") - I = min {Yc{M), ¥^{3^} - | 

= (Y{M)-'-)-'- = Y{M)-e. 

Recall that g and g are conformally fiat on 5"^^ x [0, oo). Hence for the Weyl constant, we 
have: 

Jx 

= Wc{M) +Wc{S''). 
This combined with ([T^) and ( plSf ) implies 

K + cj(M) + £ > lyc(M) + WciS"") >k + uj{M). 

We take k = n — uj{M) > and then obtain the second inequality in Theorem A. This 
completes the proof of Theorem A. □ 
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